Optical tweezers find applications in various fields, ranging from biology to physics. One of the fundamental steps necessary to perform quantitative measurements using trapped particles is the calibration of the tweezer's spring constant. This can be done through power spectral density analysis, from forward scattering detection of the particle's position. In this work we propose and experimentally test simplifications to such measurement procedure, aimed at reducing post-processing of recorded data and dealing with acquisition devices that have frequency-dependent electronic noise. In the same line of simplifying the tweezer setup we also present a knife-edge detection scheme that can substitute standard position sensitive detectors.
Introduction
Optical tweezers were conceived as tools capable of harvesting radiation pressure to hold and manipulate tiny objects [1, 2] . Throughout the past three decades, optical trapping has encountered a vast number of applications in different research fields [3] . They might, for instance, be used in biology to measure physical properties of cell membranes [4, 5] or manipulate living microorganisms [6, 7] ; in chemistry, to build and trap single molecules [8, 9] , and in physics, as precise force sensors [10, 11] or to achieve quantum ground state cooling [12, 13] . To perform all of these tasks, it is necessary to quantitatively know the force exerted by the light beam on the trapped particle.
While the behaviour of the force as a function of particle displacement can be predicted for different trapping beams [14] [15] [16] , its numerical value is sensitive to a number of experimental variables, such as the medium's viscosity [17] and spherical aberrations [18, 19] . This often makes it hard to exactly calculate the relevant forces from first principles [20, 21] . Instead, these are experimentally measured during the tweezer calibration. For a Gaussian beam the trapping potential is harmonic and one of the goals of calibration is to find the trap's spring constant.
Due to randomness introduced by the medium in which the trapped particle finds itself, the spring constant is usually obtained by measuring statistical quantities associated to the particle's position. Among these quantities there are the autocorrelation function [22] and the power spectral density [23] of the particle's position. Whichever quantity is chosen, one needs to be able to measure the particle's displacement as a function of time. This can be done in a number of ways.
For example, video imaging [24] is useful when dealing with multiple trapped particles in holographic tweezers [25] . The detection of the forward and back-scattered light on the other hand enables measurements of the position at higher sampling frequencies [26, 27] . In this paper, we will focus on the use of forward-scattering detection to measure the power spectral density of a trapped particle's position. In this type of setup it is standard to collect the light scattered by the bead using an objective lens and direct it onto a position sensitive detector. The detector outputs three signals as a function of time: X and Y -proportional to the detected light power and the position in which the light hits the detector -and S, proportional solely to the detected power. For small displacements, the beam deviation is proportional to the radial particle position, which can therefore be obtained by dividing X and Y by S, aside from a constant. Once this operation is performed for each signal sample, it can be used to calculate the power spectral density and consequently find the desired spring constants after fitting the data to a Lorentzian function and using the proportionality relation between the trap stiffness and the Lorentzian's corner frequency [28] .
We propose simplifications to this procedure which reduce the standard hardware and computational requirements. First, we show that under reasonable approximations, the radial particle position can be directly obtained from the signals X(t) and Y (t), making the step of dividing signals at each sampling unnecessary. Next we show that excessive electronic noise in the detection channels can be accounted for by adapting the function used to fit the measured power spectral density. This generalizes a method proposed in the context of video imaging [29] , and allows for the use of inexpensive data acquisition devices. Finally, still motivated by the interest in reducing the cost and complexity of an optical tweezer setup [30, 31] , we propose a knife-edge method that aims to substitute a position sensitive detector by regular power-sensing silicon detectors. These detectors also present the advantage of having an increased bandwidth which can be explored in statistical mechanics experiments involving trapped particles [32] .
In the next section, we introduce the theory behind the proposed calibration procedure and the above-mentioned knife-edge detection system. We then describe our experimental apparatus and use it to verify both the calibration as well as the knife-edge method. We do that by measuring the power spectral density of the particle's motion and comparing it to the standard calibration of an optical tweezer. We close with a brief discussion and the conclusions of this work.
Theory: data analysis and knife-edge detector
In what follows, A(t) is the time average of A(t) and δ A (t) is the instantaneous deviation of A(t) with respect to A(t) . We start by taking a closer look at the division of X(t) by S(t), which yields the particle position in the x direction when using standard forward scattering detection [28] ,
where we have used, (i) |δ S (t)| S(t) , i.e., the variations in S(t) are much smaller than its mean value;
(ii) X(t) has, ideally, zero mean value;
(iii) the term δ X (t)δ S (t)/ S(t) 2 can be neglected to a first order approximation.
Note the importance of good centralization between the beam and the PS detector when applying this approximation: a non-zero mean value of X(t) would create a non-negligible term X(t) δ S (t)/ S(t) 2 . A direct consequence of (1) is that the power spectra obtained from the division of X(t) by the the mean value of S(t) are approximately the same as obtained by the division of X(t) by the instantaneous values of S(t). We refer to the former PSD as PSD mean and to the latter as PSD inst .
Since dividing by a constant -namely, the mean value of S(t) -does not affect the corner frequency of a Lorentzian function, which is proportional to the spring constant, one need only measure X(t) and Y (t) in order to obtain the radial trap stiffness. This is useful when using Data Acquisition boards (DAq) that have sampling frequency or data transfer rate limited by the number of active channels in the equipment. Also, it greatly reduces the computational cost of data analysis.
Consider the following explicit models for X(t) and S(t),
where x p (t) is the particle position, P (t) is the forward scattered power, η X (t) and η S (t) are the noise in the X and S channels and α X , α S are proportionality constants. In this model, the oscillations in channels X and S due to particle motion are contained in the first term of each expression, while η X and η S are due to electronic noise in each channel, being independent of both the trapped particle and trapping laser. Plugging (2) into (1) yields,
where we have used,
(ii) the mean value of the particle position x p (t) is zero in a harmonic trap;
(iii) the product δ x (t)δ P (t) can be neglected to a first order approximation, that is, |δ P (t)| P (t) .
Since the noise in the X channel and the particle position are uncorrelated, the PSD can be separated in two parts. The first is an Aliased Lorentzian (AL), characteristic of discrete sampling of the particle position [23] . The second is a term proportional to the noise PSD in the X channel. Moreover, this last terms is inversely proportional to the squared value of the trapping power, since α S P (t) is proportional to the latter. This provides a method for dealing with noisy detection systems: instead of fitting the PSD to a pure AL, one can measure the power spectrum of the noise in the X channel when the trapping laser is off, which we call PSD dark , and fit the measured PSD to an AL added to a term proportional to PSD dark . This can also be easily extended to the PSD of motion in the axial direction, with the noise in the X channel replaced by the noise in the S channel. As a final remark, note that this is different from the whitening procedure used by [33] to deal with detectors that have frequency dependent response.
One interesting alternative to a PS sensor is what we will call a knife-edge detector. In such a setup, the collected scattered light is divided into two beams. One of the beams is focused on a regular photo-detector yielding a signal S(t), proportional to the collected power P (t). The other beam is partially blocked by a knife in such a way that when the particle is at the center of the trap, half of the light passes by the knife and is focused on a second photo-detector.
The movement of the particle in the xy-plane causes the beam to deviated by an angle proportional to the particle's position. The second detector thus gives a signal X k (t) containing two terms: one proportional to P (t) relative to the detected power when the particle is not radially displaced; and another proportional to both P (t) and x p (t). In practice, due to electronic noise, the ratio between X k (t) and S(t) reads,
In the above expression we have made the following approximations:
(i) The amplitude of the electronic noise in the S channel is much smaller than the total signal, that is, |η S (t)| S(t) ≈ α S P (t);
(ii) The variations in X k (t) due to radial displacement and electronic noise are much smaller than X k (t), which means |α X x p (t)P (t) + η X (t)| X k (t) and implies that the product of these variations and η S (t)/α S P (t) can be neglected;
(iii) The variations in P (t) due to axial displacement are much smaller than P (t), so that an expansion of the denominators for small δ P (t) can be performed and second order terms involving products of δ P (t) and η X (t), η S (t) can be neglected.
Since x P (t), η X (t) and η S (t) are all independent of each other, the PSD of X k (t)/S(t) -which we'll refer to as PSD knife -is the sum of the power spectra of each of these signals weighted by different constants, with the constant term α 0 /α S in (4) making no contributions to the spectrum. This knife-edge setup allows one to measure the position of a trapped particle -and beam deviations in general -using detectors sensitive only to the light power. This is useful since not only PS detectors are often not readily available in a laboratory, but they also have limited bandwidth [34] ; with the knife-edge detector regular silicon detectors can be used in combination with low noise electronics when high frequencies must be accessed. This is an extension of the use of knife-edge detection, proposed by [35] in the field of high-speed atomic force microscopy, for situations in which the detected power varies with time.
As a final remark consider the expansion of X k (t):
Since movement in the radial and axial directions and the noise in the X channel are independent, the PSD of X k (t) is given by the sum of the power spectra of the displacement in the x and z directions and the PSD of the noise in the X channel. Hence fitting a sum of two AL and the spectrum of the noise to the measured PSD would in principle allow the measurement of trapping stiffness in the axial and radial directions by monitoring only one signal. The experimental feasibility of this calibration would rely on a large α X /α 0 ratio. The approximations used in the derivation of equations (1), (3) and (4) were not arrived at on theoretical grounds, but based on empirical evidence. Next we describe an experimental setup which implements the data analysis and knife-edge detection discussed in this section and justifies these approximations.
Experiment
To test the validity of the above considerations for trapping stiffness measurements, an optical tweezer with multiple data acquisition channels was assembled, as in figure 1 . A 55 mW laser beam at 780 nm (Toptica DL-pro) is focused by a high numerical aperture objective (Olympus UPlanFLN 100x, NA = 1.3) creating an optical trap for a 1.15 µm silica bead (microParticles GmbH) in a water immersion. The scattered light from the particle is collected by a second objective lens (Olympus PlanN 10x, NA = 0.25) and divided into two beams by a beam splitter. The reflected light is collected by a PS detector (New Focus 2931) generating the signals X(t) and S(t), which are simultaneously monitored by an oscilloscope (sampling frequency f s = 10kHz) and a simple data acquisition board (DataQ 1100, sampling frequency f s = 20kHz). At the same time the transmitted beam is partially blocked by a knife and collected by a regular silicon photo-detector (Thorlabs DET100A2), creating the signal X k (t), also acquired by the oscilloscope. PSDknife Scope Eq.4
x p (t) Figure 1 : Experimental setup used to test the derived approximations: a PS detector and a knifeedge detector are used to measure the beam deviation, while data is recorded by an oscilloscope and a DAq and used to calculate the PSD in four different ways.
The data simultaneously recorded by the DAq and the oscilloscope was used to obtain the radial displacement of the trapped particle in four different ways, as summarized in the table from figure 1. Due to the frequency independent electronic noise of the oscilloscope, an AL added to a constant value was used to fit PSD inst , resulting in figure 2(a). Since this fitting procedure is described in the literature by [29] in the context of position detection by video imaging, the corner frequency f c = 737.9 ± 5.1Hz of the fitted AL was taken to be the comparison standard for the other three methods. We do not attempt to translate the corner frequency into a spring constant value, since this would introduce errors relative to the medium's viscosity and temperature and to the particle's radius that would obscure the results of the intended comparison.
To test equation (1), an AL added to a constant value was also fitted to the data from PSD mean , resulting in figure 2(b) . In this case a corner frequency of f c = 734.7 ± 8.1Hz was obtained, in agreement to the standard value. This is consistent with the expectation that PSD inst and PSD mean are almost identical and that the radial trap stiffness can be measured using either of them. Moreover, since dividing by a constant value does not change the corner frequency, one can obtain it directly from the spectral density of the signal X(t) alone, reducing the amount of data processing required to measure trap stiffness in the radial direction. This enables real time measurements of the spring constant; one no longer needs to do the post-processing step of dividing X(t) by S(t). The spectrum PSD noise was used to test equation (3) . The power spectrum PSD dark of the electronic noise in the DAq's X channel, measured when the laser was off, is displayed in figure 3(a). As it can be seen, it is not frequency independent, making an AL added to a constant value insufficient as the fitting function. Instead, as prescribed by equation 3, we used an AL added to a term proportional to PSD dark . The result is shown in figure 3(b) . A corner frequency of f c = 744.3 ± 7.5 was found, which is also in agreement with the standard value. Figure 3(c) shows the Aliased Lorentzian and the noise portions of the fitted curve separately.
The value of χ 2 -with the residues weighted by the error in each point -was 4.4 times larger when using an AL added to a constant value instead of an AL added to PSD dark to fit PSD noise . This corroborates with the result in equation 3, that can be seen as a generalization of the prescription presented in [29] , which deals with the particular case of white noise in the detection channel. With this result, one can use "simple" acquisition boards with complex electronic noise structure and yet perform quality measurements of the spring constant of an optical tweezer.
Finally, the knife-edge method was tested using PSD knife . Since the noise in each of the channels of the PS detector combined with the oscilloscope is taken to be an independent white noise, the third and fourth terms in (4) results in a constant term in the PSD of the displacement in the x direction. Therefore, PSD knife was fitted to an AL added to a constant term, resulting in figure  4 , for which f c = 734.8 ± 7.8Hz. To avoid the low frequency noise introduced by the mechanical vibrations of the knife, the data bellow 30Hz was not included in the fit. This demonstrates that a regular silicon detector combined with a knife can indeed be used to measure a trapped particle's displacement in the radial direction. Moreover, axial displacements can be measured using the total value of the forwardly scattered power, while displacements in a radial direction orthogonal to the first one can be measured by dividing the beam once again, before it hits the total power detector, and partially blocking it with a knife positioned in a direction orthogonal to that of the first knife. This allows for full trap stiffness calibration using 3 regular silicon detectors. The necessity of dividing X k (t) by S(t) when using the knife-edge method becomes clear when comparing figures 4(a) and 4(b), in which the PSD of X k (t) and S(t) are displayed separately. The PSD of X k (t) clearly doesn't resemble PSD knife , being dominated by the PSD of S(t), as suggested by equation (5) for the case in which the ratio α X /α 0 is small. Since the approximations made in the derivations of (1), (3) and (4) depend on the mean value of S(t) being much larger than the variations in S(t), it is expected some of them to be invalid as the trapping power gets small and η S (t) stops being negligible. To show the wide range of validity of the derived expressions, the four methods of corner frequency measurement were applied for trapping powers of 15mW, 25mW, 35mW and 45mW other than 55mW. The results for each method are displayed in figure 5. Since it is expected a linear dependence of f c on the trapping power -i.e f c = αP -a straight line was used to fit the corner frequencies [28] . The linear coefficients of each straight line, which are displayed in figure 5 , shows that the expressions derived in this work are valid throughout the range of tested trapping powers. 
Conclusions
Using suitable approximations, we have derived mathematical expressions for the position of a trapped particle measured by forward scattering detection. The first of these approximations imply that the PSD calculated from the division of X(t) by S(t) at each sample is almost identical to that obtained directly from X(t). This is useful when dealing with acquisition devices that have a sampling frequency and data transfer rate limited by the number of active channels. Also, it reduces the need of post-processing, allowing for real time PSD visualization. The second derived expression resulted in a generalization of the procedure used in [29] , in which a constant value is added to the Lorentzian function used to fit the experimental PSD. We concluded that for acquisition systems having frequency dependent electronic noise, the constant value can be substituted by the power spectral estimate of the noise in the X channel, in the case of radial calibration, or in the S channel, in the case of axial calibration. This, together with the whitening methods used in [33] , allow for the use of devices having complex response and noise spectral structure.
Finally, the third expression suggested a method for using knife-edge detection in optical tweezers. Dividing the power detected after the knife by the total detected power, one can extend the use of this kind of detection to situations in which the beam power varies in time, in contrast to what was proposed in [35] . Since knife-edge detector can be implemented using detectors sensitive only to light power, such as regular silicon detectors, this can be useful when high frequencies are of interest. Also, we believe this kind of detector can be useful to the general optics community in situations in which position sensitive detectors are unavailable or when reducing costs and complexity is necessary [30, 31] .
All of the above expressions were experimentally tested and compared using a custom optical tweezer setup, equipped both with a position sensitive detector and the proposed knife-edge detector connected to two different acquisition devices. Good agreement between the three methods and the standard method was found when calculating the corner frequency of the PSD in the radial direction for different trapping powers.
